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Laser cooled and quantum degenerate atoms are widely being pursued as quantum
simulators that may explain the behavior of strongly correlated material systems, and
as the basis of today’s most precise sensors. A key challenge towards these goals is
to understand and control coherent interactions between the atoms. Here, we observe
long-range exchange interactions mediated by an optical cavity, which manifest as tun-
able spin-spin interactions on the pseudo spin-1/2 system composed of the millihertz
linewidth clock transition in strontium. We observe the so-called one axis twisting dy-
namics, the emergence of a many-body energy gap, and signatures of gap protection of
the optical coherence against certain sources of decoherence. These effects manifest in
the output of a pulsed, superradiant laser operating on the millihertz linewidth tran-
sition. Our observations will aid in the future design of versatile quantum simulators
that take advantage of the unique control and probing capabilities of cavity QED and
the rich internal structure of long-lived Sr atoms. They also open a route for the next
generation of atomic clocks that utilize quantum correlations for enhanced metrology.
A crucial requirement for the development of atomic
quantum simulators is the ability to create controllable
coherent interactions between the atoms. Implementa-
tions of these interactions include direct atomic colli-
sions [1], direct electric and magnetic dipole interactions
[2–7], phonon-mediated couplings in trapped ions [8–10],
and photon-mediated coupling in a driven optical cavity
[11, 12]. In this work, we introduce a new type of in-
teraction to this list: spin-exchange interactions between
ultra-long-lived optical dipoles mediated by photons in
an undriven optical cavity. The effective spins are en-
coded in the ground and excited state of the millihertz
linewidth strontium clock transition (see Fig. 1a,b). This
optical transition currently forms the basis of the most
precise atomic clocks [13, 14], and is a promising candi-
date for the development of superradiant optical lasers
with coherence times beyond 100 seconds [15, 16].
The exchange interactions manifest in our system as
a collective XX-Heisenberg spin model, an iconic model
that describes the behavior of a broad class of phenomena
ranging from superconductivity [17] to quantum mag-
netism [18]. We observe evidence of two of the main
characteristic features of the collective XX- Heisenberg
model dynamics (see Fig. 1c): an orientation-dependent
global spin precession of the collective Bloch vector, re-
ferred to as one-axis twisting (OAT) [19], and the emer-
gence of a many-body energy gap between states of dif-
ferent symmetry [20]. One-axis twisting can generate
useful spin squeezing [19], Schrodinger cat states [21],
quantum phase magnification [22], and enables new mea-
sures of entanglement [23]. The energy gap can protect
collective dynamics against single-particle sources of de-
phasing that limit the atomic coherence times needed for
high precision measurements and for preserving interest-
ing quantum correlations [24].
OAT dynamics have been used to generate metrologi-
cally useful entanglement in driven systems [11, 25], have
been observed in microwave atomic clocks [26] and have
independently been proposed as a method to generate en-
tanglement in an undriven cavity system similar to ours
[27, 28]. Spin-locking effects generated by exchange inter-
actions [29, 30] have been observed in a variety of phys-
ical systems including NMR experiments in spin polar-
ized hydrogen [31],3He-4He mixtures [32], and in trapped
cold atoms [33–36]. In all of these systems, the exchange
interactions emerge from direct collisions. In contrast,
these effects emerge in our system from the exchange of
optical photons in a cavity, which makes them decoupled
from atomic motion and fully tunable by controlling the
cavity parameters.
The cavity-mediated interactions lead both to the col-
lective enhancement of photon emission, as previously
demonstrated in our system [16], and to unitary spin
dynamics that emerge when the optical cavity is tuned
off resonance from the radiating transition. This system
provides both a new platform for quantum simulation of
multi-level spin models, and a potentially powerful tool
for precision frequency metrology. For both of these ap-
plications, it is crucial to understand the nature of the
cavity-mediated interactions in the system.
Our experimental system, described in detail in [16],
consists of roughly N = 105 87Sr atoms cooled to 10 µK
and tightly trapped by a deep one dimensional optical
lattice that is supported by an optical cavity and gener-
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2FIG. 1. (a) An ensemble of 87Sr atoms interacts with a detuned mode of a high-finesse optical cavity that couples to the
millihertz linewidth (150 s lifetime) 1S0 to
3P0 optical clock transition. (b) The cavity mode mediates interactions between the
atoms, which lead to both dissipative dynamics in the form of superradiant emission of light through the cavity mirrors and to
unitary spin-exchange dynamics that are governed by a Hamiltonian of the form Hˆeff = ~χ[Jˆ+Jˆ−]. Exchange interactions cause
one atom to emit a photon which is then absorbed by another atom, driving anti-correlated spin flips. (c) The spin-exchange
interaction can be rewritten as Hˆeff ≈ ~χ[Jˆ2 − Jˆ2z ]. The χJˆ2z term in Hˆeff leads to an inversion dependent frequency shift
known as one-axis twisting (OAT), while the χJˆ2 creates a many-body energy gap that suppresses detrimental changes in the
total spin caused by single particle dephasing. (d) The cavity-mediated dynamics in our experiment can be described at the
mean-field level. The collective Bloch vector ~J rotates about the cavity field vector C, which rapidly adjusts to follow the
atomic coherence J+ up to fixed angle φr = tan
−1(2∆c/κ) + pi/2. When the cavity is near resonance, this leads primarily to
a rotation of the Bloch vector from the north pole toward the south pole (superradiance), while in a far off-resonance cavity,
the rotation primarily causes a horizontal displacement of the Bloch vector which manifests as a shift in the apparent atomic
transition frequency. Because the phase of the cavity field is locked to the phase of the atomic coherence, light exiting the
cavity provides us with a real-time probe of the atomic dynamics.
ates the same confinement for the ground |↓〉 ≡1S0 and
excited |↑〉 ≡3P0 clock states. The atoms couple to the
cavity via the clock transition with a single-photon Rabi
frequency of up to 2g ' 2×2pi×4 Hz. Near the clock tran-
sition wavelength λc = 698 nm, the cavity has a finesse
of F = 2.4 × 104 and a linewidth of κ = 2pi × 160 kHz.
In practice, g varies between lattice sites, but this can
be accounted for by renormalization of parameters (See
supplementary material). The cavity detuning from the
atomic transition frequency, ∆c, is varied to generate ex-
change interactions.
We operate in the bad cavity limit where the cavity
photons decay much faster than the atomic coherence.
In this regime photons leaking out of the cavity lead to
dissipation in the form of collective atomic decay (super-
radiance), which can be described by the collective jump
operator
√
Γ/2Jˆ−, with Γ = 4g2κ/(4∆2c + κ
2). The col-
lective spin operators Jˆ± = Jˆx ± iJˆy, characterize the
atomic coherence between the ground and excited states.
Here Jˆx,y,z =
1
2
∑N
i=1 σˆ
x,y,z
i and σˆ
x,y,z
i are Pauli opera-
tors acting on the |↑〉 and |↓〉 clock state of atom i.
As we detune the cavity from resonance, interesting
cavity-mediated unitary dynamics emerge. At the micro-
scopic level, the dynamics correspond to a spin-exchange
process, where one atom may emit a photon into the cav-
ity that is then absorbed by another. However, because
we have control over and access to collective operators,
it is useful to describe the dynamics using an effective
XX-Heisenberg Hamiltonian written in terms of collec-
tive operators as
Hˆeff = ~χJˆ+Jˆ− ≡ ~χ[Jˆ2 − Jˆ2z + Jˆz] (1)
Here χ = 4g2∆c/(4∆
2
c + κ
2), Jˆz corresponds to atomic
inversion, and Jˆ2 = Jˆ2x + Jˆ
2
y + Jˆ
2
z is the total spin oper-
ator. We have written the Hamiltonian in the rotating
frame of the atomic transition frequency ωa. Here, we
will focus on the second form, which is useful for describ-
ing the observed collective dynamics of the system. The
last term ∝ Jˆz induces a small single-particle rotation
and can be safely ignored in the large N limit where our
experiment operates.
The two remaining terms are equally important, and
generate distinct effects. The χJˆ2z term realizes one-axis
twisting (OAT), illustrated in Fig. 1c. The χJˆ2 term
induces a many-body energy gap as large as 2χJ between
adjacent states with total spin J and J − 1.
The behavior of the Bloch vector components Jx,y,z =
〈Jˆx,y,z〉 can be described geometrically at the mean-field
(MF) level by treating the cavity optical field as a self-
generated effective magnetic field lying in the x-y plane of
the Bloch sphere. This effective field induces a rotation of
the Bloch vector about the field’s axis at a frequency pro-
portional to the field’s magnitude (see Fig. 1d). The field
can be written in complex notation as C = Cx + iCy =
(χ + iΓ)J+. The effective field’s azimuthal angle fol-
3(a) (b)
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FIG. 2. Experimental observation of OAT dynamics. (a) The measured frequency of the emitted light ω` (with an arbitrary
offset subtracted) versus cavity detuning ∆c shows the expected dispersive behavior for atoms prepared below the equator of
the Bloch sphere. The blue line is a fit with cavity linewidth held to its independently measured value. (b) The measured
frequency shift of the emitted laser light ∆ω` ≡ ω`|+29 kHz − ω`|−29 kHz when the cavity is tuned between ∆c/2pi = ±29 kHz
shows a linear dependence on effective atomic inversion J ′z . A simple linear fit to the data (red) yields a ratio of the measured
shift to the predicted value based on known cavity parameters, atomic properties and atom number of 0.7(3). We provide a
more careful theoretical modeling of the experiment in the supplemental material.
lows the azimuthal angle of the Bloch vector’s projection
onto the x-y plane φ up to an offset of φr that is set
by the cavity detuning: φr = arctan(2∆c/κ) + pi/2. By
detecting the field leaking out of the cavity, we obtain
a real-time non-destructive measure of the phase, fre-
quency, and magnitude J⊥ =
√
J+J− of the transverse
component of the Bloch vector J+ [37].
At resonance (∆c = 0), the relative phase is φr = pi/2.
The cavity field C causes a rotation of the Bloch vector
from the north pole (all atoms in |↑〉) to the south pole
(all atoms in |↓〉). This is the manifestation of collective
or superradiant decay in this picture.
When the cavity is tuned away from resonance ∆c 6= 0,
the cavity responds to the drive with either a phase ad-
vance or lag. In the large detuning limit, |∆c|  κ/2,
the relative azimuthal angle of the effective field is now
φr = 0 or pi, depending on the sign of the detuning. In
this limit, the cavity field generated by the atoms drives
a rotation of the Bloch vector that changes its azimuthal
angle, but not its polar angle. We interpret this addi-
tional precession of the Bloch vector’s azimuthal angle as
an inversion-dependent frequency shift ωOAT = −2χJz
of the atomic coherence: J+ ∼ J+(0)eiωOAT t. This same
frequency shift is inherited by the light emitted from the
cavity.
To generate a spin-coherent atomic state, we optically
pump the atoms to 1S0, mF = 9/2, and coherently drive
the 1S0 to
3P0 transition through the optical cavity with
light polarized to maintain spin projection mF . This ro-
tates the atomic Bloch vector up from the south pole of
the Bloch sphere. By changing the duration or ampli-
tude of this coherent drive, we may prepare a state with
arbitrary inversion. The exact details of this state prepa-
ration depend on the standing-wave nature of the cavity
mode, as is described in the supplementary materials.
After switching off the coherent drive, we overlap the
subsequently emitted superradiant light with a very sta-
ble reference laser to form a heterodyne beat note to
determine the light’s phase and it’s frequency ω`. We
extract ω` from only the first 8 ms of the superradiant
pulse, during which, changes in inversion are small.
First, we explore the variation of ω` with cavity detun-
ing ∆c (Fig. 2a) at fixed initial inversion. On each trial,
we prepare the atoms in the same state below the equator
of the Bloch sphere. We observe the expected dispersive
behavior ω` ∝ ∆c/(4∆2c +κ2) of the frequency shift with
detuning, as can be seen by the fitted dispersive curve
with the cavity linewidth held fixed to its independently
measured value.
Fig. 2b displays a roughly linear scaling of the fre-
quency shift versus an effective population inversion J ′z,
that accounts for inhomogeneous coupling of atoms to
the cavity (see supplemental materials). To cancel tech-
nical noise, we plot the measured change in frequency
of the emitted light ∆ω`/2pi when the cavity is detuned
by ∆c/2pi = ±29 kHz. This inversion-dependent fre-
quency shift ∝ J ′z is the manifestation of OAT dynamics
at the mean-field level. In the supplemental material we
provide a more detailed theoretical modeling of the ex-
periment that explains some of the spread in the data
points. Specifically, the model accounts for the impact
of the variation of J ′z during the measurement window, a
variation that depends on the exact details of the initial
state preparation.
So long as J is constant, the distinction between our
exchange Hamiltonian and a simpler OAT Hamiltonian
is irrelevant for our observables. However, when non-
collective effects are present that would modify J , the
4χJˆ2 term in the Hamiltonian significantly modifies the
dynamics.
To observe these modifications, we prepare half of the
atoms in mF = −9/2 (described by a Bloch vector ~J1)
and the other half in mF = 9/2 (described by a Bloch
vector ~J2) [38, 39], as shown in Fig. 3a. The two en-
sembles experience a differential Zeeman energy shift ~δ
proportional to an applied magnetic field. The Hamilto-
nian can be written as Hˆ = ~χJˆ+Jˆ− + ~δjˆz where the
sum and difference operators are defined as ~ˆJ = ~ˆJ1 + ~ˆJ2
and ~ˆj = ~ˆJ1 − ~ˆJ2.
The mean-field equations of motion for the expectation
values J+ and j+ (neglecting Γ for simplicity) are given
by:
dJ+
dt
= −i2χJ+(t)Jz(0)+iδj+(t) (2)
dj+
dt
= −i2χJ+(t)jz(t)+iδJ+(t) (3)
The detuning δ converts the amplitude of J+ into j+
and back as it causes a relative rotation between the
two Bloch vectors ~J1 and ~J2. In general, jz varies with
time (see supplemental materials), complicating the in-
terpretation of these equations. However, when the to-
tal Bloch vector is prepared near a pole of the Bloch
sphere with initial jz = 0 (a case which we consider here
both for simplicity and for comparison with experimen-
tal observations), energy conservation requires that |jz|
remains small |jz|/|Jz|  1 and to an excellent approx-
imation jz can be set to zero in Eq. 3. We can then
solve for the normal modes of the system in terms of only
J+ and j+. These are B+ = cos(α/2)J
+ + sin(α/2)j+
and B− = sin(α/2)J+ − cos(α/2)j+, with correspond-
ing frequencies of ω± =
(
χN ±√(χN)2 + 4δ2) /2 (see
Fig. 3b). The mode mixing angle α is tanα = 2δ/(χN).
The frequency splitting between the two modes when
δ = 0 is equal to χN . This energy gap suppresses the
inter-conversion of J+ and j+ when δ  χN , and is a
classical manifestation of the energy gap between states
of J = N/2 and J = N/2 − 1. This connection will be
made explicit in the discussion of Fig. 4
In the experiment, we detect the field radiated into the
cavity, which is proportional to J+ (and independent of
j+). For small δ, we thus expect that the mode B+ will
be bright and the mode B− will be dim, while for large δ
the two modes should be equally bright. Further, the two
modes should undergo an avoided-crossing type behavior.
These features are clearly apparent in the output of a
simulation in which Γ = 0 (Fig. 3b).
The presence of dissipation Γ in the experimentally ac-
cessible regime makes quantitative comparison difficult.
However, the qualitative signatures of the Γ = 0 case,
especially the imbalanced brightness of the two modes,
FIG. 3. (a) We introduce controlled inhomogeneity by simul-
taneously populating the mF = ±9/2 states and applying a
magnetic field to split the Zeeman sublevels by a frequency
δ. (b) A simulation of radiated spectra versus δ for states
prepared near the south pole of the Bloch sphere, in the ab-
sence of dissipation (Γ = 0). The gap protection term in the
Hamiltonian, (~χJˆ2) leads to a frequency splitting χN of nor-
mal modes B± (dashed lines) at small δ, and an imbalance
in power radiated from the two modes. (c) Comparison of
experimental results to theory that includes dissipation for
atoms prepared near the south pole of the Bloch sphere. We
observe hints of a normal mode splitting and a clear asym-
metry in radiated power that switches direction between cav-
ity detunings of ∆c/2pi = 150 kHz ' κ/2pi (top row) and
∆c/2pi = −150 kHz (middle row) in both experiment (left
column) and a simulation of Hˆ = ~χ[Jˆ2 − Jˆ2z ] (center col-
umn). A simulation of the pure OAT Hamiltonian Hˆ = ~χJˆ2z
(right column) does not reproduce these features, highlighting
the role of the gap protection term in the observed spectra.
Power spectra taken at a fixed value of δ indicated by hori-
zontal green line (bottom row) highlight this comparison.
are still clearly present in the data of Fig. 3b. Impor-
tantly, a pure χJˆ2z Hamiltonian leads only to an overall
frequency shift of both modes, and cannot explain the
apparent curvature near δ = 0 nor the dimming of one
mode relative to the other, as is shown by simulation that
includes dissipation in Fig. 3c.
5To measure the frequency splitting associated with the
many-body gap, we compare the rate at which bright and
dark atomic states accumulate phase. In the two-spin
system explored above, these states could correspond to
B+ and B− respectively when δ = 0. For quantitative
measurements however, we found it advantageous to no
longer use a two-spin system. Instead, we populate only
the mf = 9/2 state and prepare the total Bloch vector
near the south pole of the Bloch sphere in a bright state
that radiates light. We can convert this bright state into
a dark state by applying inhomogeneous phase shifts to
the atoms using a pulse of laser light that is tuned off-
resonance from the 7.5 kHz linewidth 1S0 to
3P1 transi-
tion and whose intensity varies over the spatial extent of
the atoms. The pulse greatly reduces the magnitude of
the atomic coherence J⊥, and thus superradiance, while
leaving Jz unchanged. The system is then allowed to
evolve for a time Thold, after which it is reconverted into
a bright state by applying a second pulse from the same
laser with opposite detuning from the 1S0 to
3P1 transi-
tion, causing the atoms to rephase, and superradiance to
be restored.
To access the frequency of the dark state, we perform
two phase measurements φ1 and φ2 of the light emitted
from the cavity before dephasing and after rephasing,
respectively. We measure how the difference between the
two phases φ2−φ1 change when the cavity is alternately
detuned by ±29 kHz, and label this quantity ∆φ (see
Fig. 4).
If the system evolves as a bright state during Thold
(i.e. if we do not apply the dephasing and rephasing
pulses ), the measured linear slope of ∆φ versus Thold im-
plies that the bright state experiences a frequency shift
of ±4.5 Hz. When the system evolves as a dark state
during Thold (i.e. if we apply the dephasing and rephas-
ing steps), the slope of ∆φ versus Thold is consistent with
no frequency shift. The difference in frequency between
the bright and dark state phase evolutions during Thold
is the direct manifestation of the many-body gap for a
system near the south pole of the Bloch sphere.
To make this connection explicit, we may consider the
effect of dephasing and rephasing in a Dicke basis for
states prepared near Jz = −N/2 under the effect of a
Hamiltonian Hˆ = ~χJˆ2. We neglect the effects of the
χJˆ2z term for now, as this commutes with both Jˆ
2 and
Jˆz so we can account for its effects at the end. States in
this basis |J,mJ〉 are eigenstates of Jˆ2 and Jˆz, and are
labelled by the magnitude of their spin J and their pro-
jection along zˆ, −J ≤ mJ ≤ J . A maximally symmetric
coherent spin state |θ, φ〉 with J = N/2 (and correspond-
ing Bloch vector with polar angle θ and azimuthal angle
φ) is represented by a superposition of Dicke states as
|θ, φ〉 =
N/2∑
mJ=−N/2
c(mJ , θ)e
−iφmJ |N/2,mJ〉 (4)
where the coefficients c(mJ , θ) are real. The constant
relative phase between adjacent values of mJ sets the
azimuthal angle φ of the coherent spin state.
The relevant Dicke states for the three lowest values
of mJ are shown in Fig. 4c, along with the energy gaps
created by a ~χJˆ2 Hamiltonian. When ideal dephasing is
applied, Dicke states with constant mJ are coupled such
that the maximally symmetric Dicke state |N/2,mJ〉 is
mapped to the the state ||mJ |,mJ〉, the Dicke state with
the smallest possible value of J = |mJ | compatible with
the initial spin projection mJ of each Dicke state.
For Dicke states near the bottom of the Bloch sphere,
the energy gap between ||mJ |,mJ〉 and |N/2,mJ〉 scales
linearly with mJ as E(mJ) ≈ −~χN(mJ + N/2). After
an ideal rephasing step, the phases accumulated during
Thold are mapped back from ||mJ |,mJ〉 to the original
Dicke states |N/2,mJ〉. Because of the time spent in
the minimally symmetric states, each Dicke state’s am-
plitude will have acquired a phase shift ∝ χNTholdmJ ,
equivalent to a change of the coherent state’s azimuthal
phase φ by −χNThold. Therefore, we can understand
that measuring the difference in phase accumulated by
the Bloch vector during Thold with and without dephas-
ing/rephasing is a direct spectroscopic measure of the
many-body energy gap.
The additional OAT dynamics that we have neglected
so far contribute an equal phase shift to both the min-
imally and maximally symmetric configurations. This
does not effect the difference in frequency between bright
and dark states (which is the key signature of the many-
body gap), but in our case means that the bright state
appears to have a frequency shift, while the dark state
deos not. The fact that we measure a frequency shift
of the dark state consistent with zero confirms that the
coefficients in front of the Jˆ2 and Jˆ2z terms in our Hamil-
tonian are equal and opposite to within our experimental
precision, and consistent with a Hamiltonian of the form
Hˆ = χJˆ+Jˆ−.
Instead of the prior procedure, we can instead partially
dephase the system and measure the frequency of the
residual emission. We find that the shift in frequency of
the emitted light when the cavity detuning is toggled is
independent of the magnitude of the residual coherence,
within experimental error (Fig. 4d).
Despite the fact that dephasing populates a variable
combination of the bright and dark modes of the system,
we measured a frequency shift consistent with the bright
mode. This is to be expected, as only the bright mode
radiates. Because J remains fixed during the portion of
the experiment over which we measure frequency, we only
see the effects of a pure χJ2z Hamiltonian, which do not
depend on the degree of atomic coherence.
Our work demonstrates the suitability of ensembles
of Sr atoms interacting with an optical cavity via long-
lived transitions for the simulation of long-range quan-
tum magnetism. We benchmarked the experimental re-
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FIG. 4. Direct spectroscopic observation of the many-body energy gap. (a) We introduce controlled reversible dephasing
to suppress and restore atomic coherence and superradiance before and after a variable time Thold. (b) We measure the
change in the difference between optical phase measurements before dephasing (φ1) and after rephasing (φ2), as the cavity
is toggled between opposite detunings ∆c/2pi = ±29 kHz: ∆φ = (φ2 − φ1)|29 kHz − (φ2 − φ1)|−29 kHz. Brown (black) points
correspond to trials where the atoms were dephased (not dephased) during Thold, corresponding to the dark (bright) normal
modes. ∆φ shows no dependence on Thold for the dephased case, and a phase shift that scales linearly with Thold when the
atoms are not dephased, confirming a frequency shift between the bright and dark portions of the atomic coherence. (c) The
connection between our observed phase shift and an energy gap can be understood explicitly by considering the energy levels
for a Hamiltonian Hˆ = ~χJˆ2 in a Dicke basis for states |J,mJ〉 near mJ = −N/2. States of differing mJ are offset vertically
for clarity. In the experiment, atoms begin in a superposition of maximally symmetric states with J = N/2 (far left states).
Dephasing (blue arrows) transfers the atomic ensemble to states of minimal coherence for a given mJ , which are shifted in
energy relative to the maximally symmetric states by the energy gap. When coherence is restored in the rephasing step (red
arrows), this shift is converted into a phase shift of the atomic coherence, which provides a measurement of the many-body gap
(see text for full details). (d) Measured shift in ω` when cavity detuning is toggled ∆c/2pi = ±29 kHz, versus residual emission
amplitude when atoms are partially dephased. A linear fit to the frequency shift versus amplitude returns a slope consistent
with zero and an offset at zero amplitude inconsistent with zero shift.
alization of a collective XX-Heisenberg model finding
agreement with the predictions of mean-field theory.
Our observations pave a way for future explorations of
cavity mediated exchange interactions, which could gen-
erate entanglement and metrologically useful spin squeez-
ing while taking advantage of the spin-locking mecha-
nism provided by the many-body energy gap. The latter
can be used to stabilize rich forms of strongly correlated
steady states of matter and light when additionally driv-
ing the system (incoherently or coherently).
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SOM SECTION 1: QUANTUM DESCRIPTION
The dynamics of the coupled atom-light system can be
described by a master equation for the density matrix, ρˆ,
dρˆ
dt
= − i
~
[
HˆAL, ρˆ
]
+ Lc[ρˆ] (5)
Here, the Hamiltonian describing the atom-light coupling
is
HˆAL = ~∆caˆ†aˆ− ~
∑
nl
δnl
2
σˆznl + ~
∑
nl
gnl
(
aˆ†σˆ−nl + aˆσˆ
+
nl
)
(6)
where ∆c characterizes the relative detuning of the cav-
ity field from the atomic transition, gnl characterizes the
atom-light coupling, δnl describes inhomogeneous shifts
in the individual atomic transition frequencies and σˆαnl
denote the conventional Pauli matrices with α = x, y, z
acting on the clock state’s electronic degrees of freedom.
To be completely general, we use notation wherein the
subscript nl indexes all relevant spatial (l) and internal
degrees of freedom (such as different mF spin projec-
tions). Lastly, the photon loss from the cavity with power
decay rate κ is described by a Lindblad term,
Lc[ρˆ] = κ
2
(
2aˆρˆaˆ† − aˆ†aˆρˆ− ρˆaˆ†aˆ) (7)
whilst single-particle homogeneous broadening of the
atomic ensemble is characterised by
Lel[ρˆs] = γel
2
∑
nl
(
σˆznl ρˆsσˆ
z
nl
− ρˆs
)
(8)
with strength γel. This broadening characterizes de-
phasing from processes such as background collisions and
magnetic field noise in the experiment.
8As the cavity loss occurs at a much faster rate than the
atomic dynamics, κ g, we may adiabatically eliminate
the cavity mode and describe the atomic system by an
effective spin-model. The result is an effective slaving of
the cavity field to the spin operators,
aˆ(t) ≡ 2
2∆c − iκ
∑
nl
gnl σˆ
−
nl
(9)
leading to a master equation for the reduced density ma-
trix ρˆs of the spin degree of freedom [40]:
dρˆs
dt
= − i
~
[
Hˆeff , ρˆs
]
+ LΓ[ρˆs] + Lel[ρˆs] (10)
with
Hˆeff = ~
∑
nl,mk
χnl,mk σˆ
+
nl
σˆ−mk − ~
∑
nj
δnl
2
σˆznl (11)
LΓ[ρˆs] =
∑
nl,mk
Γnl,mk
2
(
2σˆ−nl ρˆsσˆ
+
mk
)
−σˆ+nl σˆ−mk ρˆs − ρˆsσˆ+nl σˆ−nl
)
(12)
Here, χnl,mk = 4gnlgmk∆c/(4∆
2
c + κ
2) characterises
the strength of the elastic interactions and Γnl,mk =
4gnlgmkκ/(4∆
2
c + κ
2) the inelastic interactions. In the
limit of ∆c  κ/2, the Hamiltonian contribution dom-
inates the dynamics and describes an effective XX-
Heisenberg model. Physically, the origin of the spin-spin
interaction can be understood by the fact that when the
optical cavity is detuned from the atomic resonance it
enhances the probability that a photon emitted into the
cavity by one atom is reabsorbed by another atom before
the photon has a chance to leak out through the cavity
mirrors. The emission and absorption of the photon re-
alizes the spin exchange process.
In the main text and the following SOM sections we
will generally assume homogeneous interactions χnl,mk ≡
χ (and similarly, homogeneous dissipation Γnl,mk ≡ Γ)
as this encapsulates the essential physics. Specific cases
for which we are interested in the quantitative effects of
inhomogeneous interactions are dealt with as required,
for example, Sec. 2 of the SOM. Although the atom-light
interaction in general depends on the internal hyperfine
levels, in this work we deal with situations where only the
spatial dependence is relevant. Consequently, we herein
simplify the index nl → l with l an integer associated
with the l-th lattice site, and summations are taken to
run over N lattice sites of unit occupation. Whilst the
experimental system is composed of N atoms and ∼ 103
lattice sites, such that each site can be occupied by up to
∼ 102 atoms, calculations assuming N lattice sites with
unit occupation are equivalent for all quantities consid-
ered in the following sections.
SOM SECTION 2: MEAN FIELD TREATMENT
OF OAT SIGNATURES AND ACCOUNTING
FOR INHOMOGENEITY OF ATOM-LIGHT
COUPLING
In the main text we present evidence of OAT dynamics
via a measurement of the frequency shift ∆ω` of the emit-
ted cavity field, after toggling the cavity detuning from
the atomic transition between two frequencies. The ob-
served frequency shift of the emitted radiation can be di-
rectly linked to the OAT frequency shift associated with
the precession of the atomic coherence. In this section we
outline a mean-field model that incorporates all relevant
physical processes, including both inhomogeneity of the
atom-light coupling and the effects of superradiance.
OAT frequency shift for homogeneous atom-light
coupling
We first discuss the origin of the observed OAT shift
at the simplest qualitative level, by considering the case
of homogeneous interactions. At the mean-field level the
equations of motion for the collective spin variables Jα =
〈Jˆα〉, with α = x, y, z the orientation of the collective
spin, can be written as
dJ+
dt
= −i(2χ+ iΓ)J+(t)Jz(t) (13)
dJz
dt
= −ΓJ+(t)J−(t) (14)
Here we assumed Jx = Re[J
+] and Jy = Im[J
+]. Ne-
glecting dissipation for simplicity, Γ = 0, the equations
are simplified as Jz(t) = Jz(0) is a conserved quantity.
Consequently, Eq. (13) trivially describes a precession
of the atomic coherence J+(t) = J+(0)eiωOAT t where
ωOAT = −2χJz(0) is the OAT frequency shift, which
scales linearly with population inversion, and manifests
in the frequency of the emitted superradiant light ω`.
Effects of inhomogeneous atom-light coupling
To theoretically describe the inversion-dependent fre-
quency shift observed in Fig. 2b of the main text, one
must account for the fact that the coupling of each atom
to the cavity mode is not identical. This inhomogeneous
coupling must be accounted for both during the dynami-
cal evolution, and during the state preparation step that
establishes an initial effective inversion J ′z.
In the experiment, the primary source of inhomogene-
ity arises because the wavelength of the laser at λL =
813 nm that creates the standing wave trapping lattice,
is incommensurate with the wavelength of the laser light
emitted into a cavity mode at λc = 698 nm, both forming
a standing wave along the Z direction. The atom-light
9coupling varies for each lattice site as gl ≡ g0cos(k0l)
with k0 = piλc/λL, where l is an integer that labels the
lth lattice site and g0 is the atom-light coupling at an
anti-node of the cavity mode. The inhomogeneity is im-
printed in the emitted cavity field [see Eq. (9)] which is
slaved to the effective atomic coherence as aˆ(t) ∝ ˆ˜J−,
where ˆ˜Jα ≡ 12g0
∑N
l=1 glσˆ
α
l is a generalized collective op-
erator in which each atom’s contribution is weighted by
its coupling strength to the cavity mode. We highlight
for the reader that these new collective variables should
not be treated as true spin operators, as they do not
form a closed algebra under the usual spin commutation
relations: [ ˆ˜Jα, ˆ˜Jβ ] 6= iαβγ ˆ˜Jγ .
We can gain insight into the expected OAT frequency
shift in the case of inhomogeneous atom-light coupling
by considering the mean-field equation of motion (with
Γ = 0)
dJ˜+
dt
= −iJ˜+
N∑
l=1
χllσ
z
l (t) (15)
where σzl (t) ≡ 〈σˆzl (t)〉. As a coarse approximation we
make the assumption σzl (t) ≈ σzl (0) in the absence of
dissipation. Whilst this is always true for homogeneous
interactions (as σzl (0) is a conserved quantity), it is only
strictly valid for short times in the case of inhomoge-
neous interactions. Nevertheless, it is insightful to solve
Eq. (15) with this approximation to estimate the short-
time frequency shift, yielding for the atomic coherence:
J˜+(t) ≈ J˜+(0)e−it
∑N
l=1 χllσ
z
l (0) (16)
The OAT frequency shift observed experimentally via
cavity emission can be derived from Eq. (16) by making
the mean-field approximation 〈aˆ†(t + τ)aˆ(t)〉 ≡ 〈 ˆ˜J+(t +
τ) ˆ˜J−(t)〉 ≈ 〈 ˆ˜J+(t + τ)〉〈 ˆ˜J−(t)〉. Under this assumption
we identify ωOAT = −
∑N
l=1 χllσ
z
l (0).
We can define an effective inversion J ′z given by a
weighted average over each atom’s initial inversion
J ′z ≡
∑N
l=1 g
2
l σ
z
l (0)/2∑N
l=1 g
2
l
(17)
as well as an effective interaction strength χ′
χ′ ≡ 4∆c
4∆2c + κ
2
(
1
N
N∑
l=1
g2l
)
(18)
such that ωOAT = −2χ′J ′z. With this definition, J ′z can
take values between ±N/2. For the specific inhomogene-
ity present due to the incommensurate cavity mode and
lattice wavelengths, gl ≡ g0cos(k0l), one finds
χ′ ≈ 1
2
4g20∆c
4∆2c + κ
2
(19)
Experimental observation of OAT frequency shift
versus effective inversion
To determine the inversion-dependent frequency shift
of Fig. 2b in the main text, one must calculate J ′z by
understanding how the inversion of each atom is initially
established. In the experiment, the atoms are initially
prepared in the ground state and then light resonant
with the optical transition is injected into the cavity for
an amount of time T . An atom initially in the ground
state, located at an anti-node of the standing wave cavity
mode with characteristic coupling g0 has its polar angle
changed by θ = ΩT , where Ω is the Rabi frequency asso-
ciated with injected field for an atom at an antinode of
the cavity. An atom with coupling gl = g0 cos(k0l) has its
polar angle changed by θ cos(k0l), such that the atom’s
inversion established by the state preparation pulse is
σzl = −cos[θcos(k0l)]. Using this inversion in Eq. (17),
one expects that the state preparation pulse creates an
effective inversion that depends on the rotation angle as
J ′z,inh = −N
[
J1(θ)
θ
− J2(θ)
]
(20)
Here, J1,2 are the first and second order Bessel functions.
We have denoted the effective inversion as J ′z,inh to dif-
ferentiate from the effective inversion J ′z extracted from
experimental data and plotted in Fig. 2b of the main
text. Due to the inhomogeneity, full inversion can never
be established via the method used here because atoms
rotate at different rates in response to the applied state
preparation field.
Experimentally, the effective inversion J ′z versus T is
obtained from a measurement of the total population in-
version Jz versus T . This is necessary primarily because
Ω is not known with sufficient accuracy to accurately pre-
dict θ, but also to confirm the above model’s prediction
for the effective inversion established by the state prepa-
ration pulse. We determine Jz by applying 461 nm light
to obtain a fluorescence signal proportional to the num-
ber of atoms remaining in the ground state just after the
state preparation pulse. The contribution of an atom to
this signal is independent of the atom’s coupling strength
to the cavity mode. The calibration factor relating the
fluorescence signal to the total atom number N is estab-
lished via separate measurements of a collective vacuum
Rabi splitting from the 7.5 kHz linewidth transition ver-
sus the fluorescence signal.
For the standing wave cavity mode used to rotate the
atoms, we expect Jz = − 12NJ0(ΩT ), where J0 is the
zeroth order Bessel function. We observe that the mea-
sured Jz versus T shown in Fig. 5a is well described by
Jz = − 12N [(1 − f)J0(ΩT ) + f ] with fitted parameters
Ω/2pi = 1.60(2) kHz and f = 0.22(1). The parameter f
indicates that some fraction of the atoms are not rotated
by the state preparation pulse, perhaps from imperfect
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spin polarization or finite linewidth of the 698 nm laser
used to drive the rotations.
In a separate set of experiments, we apply the state
preparation pulse, and estimate the frequency of the light
emitted from the cavity ω` from the power spectrum of
the first 8 ms of light emitted directly after the state
preparation pulse. For a given T , we toggle the detun-
ing of the cavity between trials by ∆c/2pi = ±29 kHz
and compute the frequency shift ∆ω` = ω`|∆c
2pi =+29 kHz
−
ω`|∆c
2pi =−29 kHz. In the following we will assume that the
effective inversion during the 8 ms of emitted light does
not change significantly, supported emperically by vary-
ing the window length to shorter and longer periods as
well as detailed theoretical modeling in the following sec-
tion.
The measured frequency shift ∆ω` versus T is shown
in Fig. 5b, and is well described by a fit of the form
∆ω`,fit = 2∆χ
′
fitN(1− f)[J1(ΩT )ΩT −J2(ΩT )]) +ω◦, where
the coefficients ∆χ′fit = χ
′|∆c
2pi =+29 kHz
− χ′|∆c
2pi =−29 kHz
and ω◦ are fitted parameters, f and Ω are from the fit
to Jz versus T previously described, and N is the inde-
pendently measured total atom number. We find that
the data is better described by the inclusion of a fit-
ted constant offset frequency ω◦ whose origin is unclear.
The fitted value ω◦/2pi = 4(1) Hz is consistent within
errors with the frequency offset being computed from
ω◦/2pi = 2∆χ′fitNf/2 = 4(1) Hz. One possible explana-
tion for this apparent coincidence is that the the fraction
of atoms f that are not rotated by the state prepara-
tion pulse none-the-less contribute fully to the one axis
twisting frequency shift. Why this should be the case is
unclear, and it is also possible that the value of the fitted
offset frequency is simply an artifact of some variation in
a parameter that shifts the lasing frequency in a way that
correlates with changes in the cavity resonance frequency,
but does so in a way that does not scale with inversion,
despite our best attempts to eliminate and identify such
a mechanism.
Importantly, the inversion-dependent frequency shift
predicted for one-axis twisting does not depend strongly
on including this offset frequency or not. The fitted
value of the scale factor is N∆χ′fit/2pi = 17(3) Hz
when ω◦ is allowed to be independently fit compared
to N∆χ′fit/2pi = 16(4) Hz, when the offset frequency
is fixed to zero during the fit. This is to be com-
pared to a theoretically predicted value N∆χ′pred/2pi =
N(χ′|∆c
2pi =29 kHz
−χ′|∆c
2pi =−29 kHz)R/2pi = 24(7) Hz, where
χ′ is computed from Eq. 19, and R = 0.92(3) is an addi-
tional scale factor that accounts for radial spatial averag-
ing of the coupling of the atoms to the cavity mode not
reflected in Eq. 19. The error on the prediction is domi-
nated by the uncertainty on the linewidth of the optical
transition 1.1(3) mHz [41] of approximately 30% leading
to the same fractional uncertainty on the predicted value
of g20 .
For visualizing the inversion dependent frequency shift
of one-axis twisting, Fig. 2b in the main text and Fig. 5c
in the supplemental material show parametric plots of
the measured ∆ω` versus an effective inversion com-
puted from measured and fitted parameters as J ′z =
−N(f/2 + (1 − f)[J1(ΩT )ΩT − J2(ΩT )]) at the same time
T . Choosing to compute J ′z in this manner is equiva-
lent to assuming that atoms that do not appear to ro-
tate, nonetheless fully contribute to the one axis twisting
dynamics. However, this choice has no impact on the
extracted value of N∆χ′fit discussed previously.
Impact of superradiance
The analysis of the frequency shift versus inversion
data in the main text and in the previous section assumed
that the effective inversion J ′z did not change during the
short 8 ms window during which the experiment mea-
sures the frequency of the light. However, at the finite
detunings where the experiment operates, superradiant
emission can be non-negligible. As a result, the inversion
will change in time and thus ωOAT as well, even dur-
ing the short 8 ms window. Here, we extend our mean-
field model to account for superradiance (i.e., Γ 6= 0).
We demonstrate that while inhomogeneous atom-light
couplings broadly explain the inversion-dependent linear
trend of the experimental data within uncertainties, the
interplay of inhomogeneous interactions and dissipation
can give insight into understanding the scatter of the ex-
perimental results.
Our analysis is based upon a mean field treatment of
the master equation [Eq. (2)], which leads to the follow-
ing equations of motion:
dσ+l
dt
= = i
χ
g20
N∑
l′=1
(1− δll′)glglσzl σ+l′ +
Γ
2g20
N∑
l′=1
(1− δll′)glgl′σzl σ+l′ +
i
g20
(
χ+
iΓ
2
)
g2l σ
+
l − γelσ+l (21)
dσzl
dt
= −2i χ
g20
N∑
l′=1
glgl′(σ
+
l σ
−
l′ − σ−l σ+l′ )−
Γ
g20
N∑
l′=1
(1− δll′)glgl′(σ+l σ−l′ + σ−l σ+l′ )−
Γ
g20
g2l (σ
z
l + 1) (22)
Here, we have used that the inhomogeneity of the dissi- pative contribution is identical to the elastic interactions,
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FIG. 5. (a) Initial atomic inversion Jz versus duration of the preparation pulse. Experimental data (colored markers) is fitted
to an ideal theoretical prediction (dashed line, see main text). (b) Frequency shift versus duration of the preparation pulse.
Experimental data (colored markers) is compared to the fit ∆ω`,fit = −2∆χ′fitJ ′z obtained from the procedure described in the
text (dashed line), and also to the numerical simulation of Eqs. (21)-(22), which accounts for both imperfect state preparation
and superradiance (solid line). The approximately ±30% uncertainty in χ′ in this calculation, due to the uncertainty in
the known value of the excited state linewidth, is indicated by the gray shaded region. Inset: Initial rate of decay of the
inversion, Γin ∝ 〈 ˆ˜J+(0) ˆ˜J−(0)〉, as a function of the pulse duration. (c) Frequency shift versus the effective inversion J ′z/N .
The experimental data (colored markers) is compared to the numerical simulation [colored solid line, computed identically to
the solid black curve in panel (b)]. A linear fit to the experimental data (black dotted line, also shown in Fig. 2b of the main
text) is also plotted, and compared to the ideal theoretical prediction ∆ω` = −2∆χ′predJ ′z (gray dashed line, Γ = 0). In all
panels the experimental data are colored according to the pulse duration, indicated by the legend. Parameters of the numerical
simulation are summarized in the text.
Γll′ ≡ Γglgl′/g20 .
Using the same mean-field approximation to associate
the observed frequency shift of the cavity emission with
the atomic coherence, we numerically solve these equa-
tions for many atoms for evolution times corresponding
to the 8 ms measurement time in the experiment. The
frequency is then obtained from the Fourier transform of
J˜+(t).
The results of the theoretical simulation of Eqs. (21)
and (22) are directly compared with experimental data
in Fig. 5. To ensure our theoretical analysis is consistent
with the treatment of the experimental data [Fig. 2b of
the main text and Fig. 5], we follow an identical pro-
cedure to obtain the effective inversion J ′z to which we
compare the frequency shift. The simulations include
both the coupling constant inhomogeneity and the im-
perfect state preparation. For the latter about 22% of
the atoms were randomly selected and kept in the ground
state. Parameters used in the numerical simulation were:
N = 3.65 × 105, γel = 102s−1, ∆c = ±2pi × 30 kHz,
κ = 2pi × 145 kHz and we include a rescaling of the in-
teraction χ → Rχ with R = 0.92 to characterize radial
spatial averaging of the atom-light coupling.
Panel (a) shows the population inversion and (b) the
frequency shift for different pulse duration times T . We
fit the experimental data in each panel according to the
method outlined in the previous subsection (indicated
by the dashed lines in both panels). The experimen-
tally observed frequency shift in panel (b) is captured
well by the numerical calculations including collective
dissipation. The uncertainty in the known excited state
linewidth γ and thus χ (approximately 30%) can be in-
corporated in the numerical calculations and is indicated
by the shaded region.
Panel(c) shows the relationship between the frequency
shift and J ′z/N . For rotation angles θ smaller than pi,
we observe that the net effect of collective emission is to
decrease the population inversion and thus the effective
value of J ′z/N . In turn, this leads to an associated mod-
ification of the observed frequency shift. This effect is
dominant close to the equator when J ′z/N ∼ 0. For larger
θ the inhomogeneity of the single-particle rotations result
in reduced coherence which suppresses the decay of the
population inversion. We illustrate this by plotting the
initial decay rate as a function of pulse duration in the
inset of panel (b). The suppression of superradiance for
longer pulses leads to an observed frequency shift closer
to the ideal (Γ = 0) prediction of ∆ω` = −2∆χ′predJ ′z.
The numerical simulations accounting for both inhomo-
geneity and dissipation reproduce the experimental ob-
servations well, confirming the validity of our model.
The effect of superradiant emission can be roughly
estimated by a closer analysis of the mean-field equa-
tions of motion. The second term in Eq. (22) represents
the dominant change of inversion coming from collec-
tive dissipation. We can crudely approximate the σzl
used to evaluate the effective inversion J ′z [Eq. (17)],
by an average value accounting for the change due to
collective dissipation over the relevant timescale for the
frequency shift measurement τ = 8 ms:
∑N
l=1 σ
z
l ≈
12
Jz(0) − Γτ2Ng20
∑N
l=1,l′=1 glgl′ [σ
+
l′ (0)σ
−
l (0) + c.c.], where
σ+l (0) = sin(cos(k0l)θ)/2, is the initial atomic coherence
of those atoms coupled to the cavity pulse (here we ig-
nore imperfect state preparation for our simple estimate).
Replacing the summation by a spatial average using a
continuous integral of the form N2pi
∫ pi
−pi dθ, this leads to
∆ω′`(τ) ≈ −4χ′
(
J ′z − ΓN2τ
J1(θ)
2
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)
(23)
The above expression encapsulates the qualitative mod-
ifications induced by collective decay to the frequency
shift, although its quantitative validity is limited by our
crude treatment of the time evolution to lowest order
(linear in τ). An inspection of Fig. 5c demonstrates that
this expression excellently captures the qualitative trend
of the experimental data and its deviation from the naive
linear prediction ∆ω` = −2∆χ′predJ ′z. In particular, for
moderate rotation angles we see a positive increase in the
frequency shift due to an effective reduction in the aver-
age inversion due to superradiance, consistent with the
sign of the contribution ∝ Γ in the above Eq. (23). The
decay of the the Bessel function, J1(θ), with increasing
pulse area θ  pi, (due to a reduction in effective coher-
ence) also explains the more linear scaling of the OAT
shift in this regime.
SOM SECTION 3: ROLE OF ATOMIC
COHERENCE IN MANY-BODY GAP
PROTECTION AND OAT DYNAMICS
A key point emphasized in the main text is the in-
trinsic role of the atomic coherence in the dynamics that
we observe. More specifically, by rewriting the collective
Hamiltonian (implicitly assuming homogeneous interac-
tions herein) as:
Hˆeff = ~χJˆ+Jˆ− ≡ ~χ[Jˆ2 − Jˆ2z + Jˆz] (24)
we note that the key difference to the generic OAT Hamil-
tonian is the inclusion of the term ∝ Jˆ2.
Our experimental observations focus towards demon-
strating two outcomes of this additional term: (i) many-
body gap protection against slow single-particle noise
sources, and (ii) the importance of atomic coherence in
generating and observing OAT dynamics. In the follow-
ing section we outline a theoretical understanding of the
experimental observations with respect to these phenom-
ena.
Gap protection
In Figure 3 of the main text we demonstrated the role
of the gap protection for the case of two large collective
spins by showing the spectra of the emitted light for dif-
ferent Zeeman energy splitting between the two collective
spins. We can gain significant insight into this experi-
mental observation by studying the simplified mean-field
dynamics of the two collective spins.
As per the main text, we begin by defining the collec-
tive sum, Jˆz = Jˆ
1
z + Jˆ
2
z , Jˆ
± = Jˆ±1 + Jˆ
±
2 , and difference
operators jˆz = Jˆ
1
z − Jˆ2z , jˆ± = Jˆ±1 − Jˆ±2 for convenience.
The scheme of Fig. 3 is characterized by the Hamiltonian
Hˆ = ~χJˆ+Jˆ− + ~δjˆz where ~δ describes the Zeeman en-
ergy splitting between the two collective spins. If we
neglect dissipation (Γ = 0) for simplicity, the associated
mean-field equations of motion can be reduced to
dJ+
dt
= −i2χJ+(t)Jz(0)+iδj+(t) (25)
dj+
dt
= −i2χJ+(t)jz(t)+iδJ+(t) (26)
d2jz
dt2
= −4 [δ2 + J2z (0) + J2⊥(0)] jz
+6δχj2z + 2δχJ
2
⊥(0) (27)
where the total inversion Jz(t) ≡ Jz(0) = −Ncos(θ)/2 is
a conserved quantity, J2⊥(0) ≡ |J+(0)|2, θ is the rotation
of the initial state from the south pole of the Bloch sphere
and we consider a total of N/2 atoms in each ensemble.
To solve for the dynamics, the generic approach is
to first solve for jz(t) and substitute the solution into
Eqs. (25) and (26). For simplicity, we consider an ap-
proximate solution for jz(t) wherein we treat Eq. (27) as
an equation of motion describing a classical particle in a
potential.
More specifically, we use that j¨z ≡ −dU(jz)/djz de-
scribes motion of a classical particle in the potential
U(jz) = −2δχJ2⊥(0)jz + 2
[
δ2 + J2z (0) + J
2
⊥(0)
]
j2z − 2δχj3z
In this formalism, the prepared state of the experi-
mental system has an initial (conserved) energy E(0) ≡
U(jz(0)) + 1/2j˙z(0)
2 (setting an effective mass equal to
one). As jz(0) = 0 and j˙z(0) = −2iχ[J+1 (0)J−2 (0) −
J+2 (0)J
−
1 (0)] = 0 for J
+
1 (0) = J
+
2 (0) initially, we have
that E(0) = 0. Our approximation lies in identifying
that the potential, whilst formally cubic, can be well ap-
proximated as a harmonic potential by using the Taylor
expansion
U(jz) ≈ U(j0) + 1
2
d2U
dj2z
∣∣∣∣
jz=j0
(jz − j0)2 (28)
about the local minima
j0 =
−δ2 − χ2N2 −√(δ2 + χ2N2)2 − 3δ2χ2n2sin(θ)2
3δχ
Using this harmonic approximation, the dynamics of
the classical particle can be trivially solved to yield the
general solution
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jz(t) ' A0sin2(ω0t) (29)
A0 =
4δ2 + χ2N2 −
√
(4δ2 + χ2N2)2 − 12δ2χ2N2sin2(θ)
6δχ
(30)
ω0 =
1
2
[
(4δ2 + χ2N2)2 − 12δ2χ2N2sin2(θ)]1/4 (31)
where we have used the initial conditions Jz(0) =
−Ncos(θ) and |J+(0)| = Nsin(θ).
In the main text we assume that near the poles of the
Bloch sphere we can neglect the contribution of jz(t) in
Eq. (26), specifically that χjz(t)  |δ|. We can justify
this approximation by splitting our argument into two
limits: (i) |δ|  χN , and (ii) |δ| & χN . In the former
case we have that oscillations in jz(t) are bounded by
|jz(t)| ≤ |δ|/χsin2(θ), whilst in the latter we instead have
the bound |jz(t)| ≤ (N/2)sin2(θ). In both cases the limit
χjz(t) |δ| follows from application of sin2(θ) 1 and
the relevant inequalities defining the relative scale of δ
and χN .
Using this justification we can then map the problem
into a linear two level system with effective detuning χN
and off diagonal coupling δ. When χN > δ, the large
effective detuning prevents population transfer between
the levels.
Although we focused of the case when the initial state
is close to the south pole, which is the case relevant for
our experiment, it is important to emphasize that the
gap protection (at least for the ideal case when we can
ignore dissipation,Γ = 0) is effective for all initial ro-
tation angles. This is illustrated in Fig. 6, for states
prepared both near the south pole (θ = pi/10) and the
equator (θ = 6pi/10). We numerically solve Eqs. (25)-
(27) and plot the amplitude of the total atomic coher-
ence J+(t) ≡ |J+(t)|eiφ(t) and phase of the individual
coherence,φj(t), defined from J
+
j (t) ≡ |J+j (t)|eiφj(t) for
j = 1, 2. For clarity, we compare against the dynamics
of the generic OAT Hamiltonian Hˆ = ~χJˆ2z + ~δjˆz. We
find that for |δ|  χN the amplitude of the total coher-
ence remains almost fixed, whilst the individual collective
spins remain locked together and precess at a rate only
slightly perturbed from the ideal (δ = 0) OAT frequency
shift ωOAT = −2χJz(0). We find little qualitative differ-
ence whether the state is prepared near or far from the
south pole, although the evolution of jz(t) is important
for the dynamics of the latter. For the state prepared
near the south pole we find good agreement with our
simplified solution of the two level system (Eqs. 2 and 3
in the main text with jz set to zero).
Role of atomic coherence in OAT dynamics and
measurement of the many-body gap
Figure 4 of the main text illustrates the results of a
protocol that controls the atomic coherence to directly
spectroscopically probe the many-body energy gap. In
this section we give a theoretical underpinning of these
results. We begin by outlining a simple mean-field model
to describe the dephasing/rephasing protocol of Fig. 4
which accounts for the experimentally observed reduction
in the OAT frequency shift. Secondly, we provide a quan-
tum treatment of the problem, as introduced schemati-
cally in Fig. 4 (c), which allows us to elucidate the con-
nection to the many-body gap opened by the Jˆ2 term of
the effective Hamiltonian.
Mean-field model
The simplified mean-field model of two collective spins
also gives excellent insight into the role of atomic co-
herence in the OAT dynamics. Specifically, the dephas-
ing/rephasing of the atomic ensemble can be understood
as a coupling between bright and dark modes (referred to
as B+ and B− in the main text) of the two-spin model,
and dynamical evolution of these modes during the hold-
ing period.
We begin by first considering the dephasing of the
atomic ensemble, where the bright and dark modes are
initially associated with J+(0) and j+(0) observables re-
spectively. In the context of the collective spins the
dephasing corresponds to δ/χN  1 in Eqs. (25) and
(26), such that one realizes an effective beam-splitter
for the J+, j+ observables: J+(τ) = cos(δτ)J+(0) and
j+(τ) = isin(δτ)J+(0) where τ is the duration of the
dephasing. Both Jz = Jz(0) and jz = 0 are conserved
quantities in this limit.
Subsequent to the dephasing of the ensemble, the
atoms are held for a duration Thold, corresponding to
evolution according to Eqs. (25)-(27) with δ = 0. This
gives
jz(t) =
|J+(0)|2sin(2δτ)
2
√|Jz|2 + |J+(τ)|2 sin(2χ
√
|Jz|2 + |J+(τ)|2t)
(32)
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FIG. 6. Amplitude of the total atomic coherence J+(t) ≡
|J+(t)|eiφ(t) [panel (a)] and phase of the individual atomic
coherence J+j (t) ≡ |J+j (t)|eiφj(t) for j = 1, 2 [panel (b)] in the
ideal (δ = 0) OAT frame such that φj(t) → φj(t) − ωOAT
for ωOAT = −2χJz(0). We compare the results of numerical
simulation of Eqs. (25)-(27) for initial rotation angle θ = pi/10
(red data) and θ = 6pi/10 (green data) to that obtained for
the generic OAT Hamiltonian (blue lines, see text). For the
state prepared near the south pole we find the phases of the
two spins track the simplified prediction of φj(t) ∼ ω+t (black
line) where ω+ =
(
χN +
√
4δ2 + χ2N2
)
/2. Faint and strong
lines indicate the individual collective spins.
Similarly, we can solve
J+(t) = J+(τ)e−2iχJzt (33)
Clearly from this last expression, we can identify that the
OAT dynamics leads to a frequency shift in the bright
mode J+ which is independent of the magnitude of the
atomic coherence |J+|.
To solve for the rephasing dynamics we make the as-
sumption that the system is prepared away from the
equator and is sufficiently dephased (δτ ' pi/2) such
that |Jz|  |J+(τ)|. After the final rephasing period
(δ/χN  1) we then find
J+(t) = J+(0)
[
cos2(δτ)e−2iχJzt + sin2(δτ)ei
|J+(τ)|2
Jz
t
]
(34)
The structure of this solution has a clear implication for
OAT dynamics. For large dephasing, δτ ' pi/2, the ma-
jority of the atomic ensemble occupies the dark mode j+
during the hold time and oscillates at a much reduced
rate (relative to the expected OAT oscillation frequency
shift). Upon rephasing it is this contribution which is
dominant in Eq. (34) and characterizes the observed cav-
ity emission.
Quantum model
A quantum description of the dephasing/rephasing dy-
namical protocol discussed in the main text (see Fig. 4
and surrounding text) can also be derived for the case of
a collective spin state prepared very close to the south
pole. This description rigorously justifies the intuitive
interpretation of the dynamics laid out in the schematic
picture of Fig. 4 (c) of the main text. The key assumption
of the graphical picture, which we justify herein, is that
dephasing ideally maps the initial maximally symmetric
state to one of minimal coherence. This assumption sub-
sequently allows us to interpret the observed vanishing
OAT frequency shift as a spectroscopic measurement of
the many-body energy gap induced by the Jˆ2 contribu-
tion of the Hamiltonian.
We begin our analysis by noting that, due to the con-
servation of total inversion throughout the dynamics, we
can simplify the calculation by considering only the three
highest Dicke manifolds J = N/2, N/2− 1 and N/2− 2.
Under this approximation, we write the initial spin state
in the usual Dicke basis |J,mJ〉 as
|ψ(0)〉 = α|N/2,−N/2〉+ β|N/2,−N/2 + 1〉
+γ|N/2,−N/2 + 2〉 (35)
where the coefficients α, β, γ (satisfying normalization re-
quirements) are determined from the formal expansion of
the initial coherent spin-state in the Dicke basis. We can
calculate the subsequent evolution by treating each mag-
netization component mJ seperately.
Firstly, the |N/2,−N/2〉 state evolves as,
eiHˆdτ/~e−iHˆt/~e−iHˆdτ/~|N/2,−N/2〉
= e−i(E
J
N/2−Ez−N/2)t/~|N/2,−N/2〉 (36)
where Hˆd = ~
∑
n hn(1 + σˆ
z
n)/2 characterizes the single-
particle dephasing and Hˆ = ~χ(Jˆ2 − Jˆ2z + Jˆz) the in-
teraction Hamiltonian. We also define EJj = ~χj(j + 1)
and EzmJ = ~χ(m
2
J −mJ) as the energy associated with
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the ~χJˆ2 and ~χJˆ2z terms of the interaction Hamilto-
nian respectively. As illustrated intuitively in Fig. 4 (c)
of the main text, dephasing cannot couple the initial
|N/2,−N/2〉 state to any other Dicke manifold due to
conservation of inversion, leading to this simplistic evo-
lution identical to that expected under solely the XX
Hamiltonian.
In contrast, the initial states with one (|N/2,−N/2 +
1〉) or two (|N/2,−N/2 + 2〉) excitations can couple to
the N/2− 1 and N/2− 2 manifolds respectively via the
dephasing. To evaluate their evolution explicitly we must
go beyond the abbreviated Dicke basis |J,mJ〉 and intro-
duce the spin-wave states:
|k〉1 = 1√
N
∑
J
eikj σˆ+j |N/2,−N/2〉 (37)
|kk′〉2 ≈ 1
N
∑
jj′
eikjeik
′j′ σˆ+j σˆ
+
j′ |N/2,−N/2〉 (38)
where k = 2pin/N for n = 1, 2, ...N − 1. For convenience
we adopted the notation |0〉1 ≡ |N/2,−N/2 + 1〉 and
|00〉2 ≡ |N/2,−N/2 + 2〉 for the fully symmetric Dicke
states and refer to these as ‘k = 0’ contributions in the
relevant summations, but we note they are not spin waves
states. We highlight that the definition of the state |kk′〉2
is only approximately valid as we spuriously include the
contribution j = j′ to the summation for simplicity, al-
though it does not affect the insight of our solution. The
spin-wave states allow us to fully characterize the evo-
lution of the system under dephasing, which transfers
population out of the fully collective subspace.
A useful result, which we use in the following, is the
evolution of the above states under the XX Hamiltonian:
e−iHˆt/~|k〉1 = eiE
z
−N/2+1t
[
δk,0e
−iEJN/2t/~ + (1− δk,0)e−i(E
J
N/2−1t/~
∣∣∣ k〉1, (39)
e−iHˆt/~|kk′〉2 = eiE
z
−N/2+2t
[
δk,0δk′,0e
−iEJN/2t/~ + (δk,0 + δk′,0)e−iE
J
N/2−1t/~+
+(1− δk,0δk′,0)(e−iE
J
N/2−2t/~ − e−iEJN/2−1t/~)
]
|kk′〉2 (40)
where δij is the Kronecker Delta function. Using the
spin-wave basis and Eqs. (39) and (40) we are then ready
to calculate the evolution of the |N/2,−N/2 + 1〉 and
|N/2,−N/2 + 2〉 states through each step of the dephas-
ing/rephasing protocol.
For the initial dephasing step these states evolve as:
e−iHˆdτ |N/2,−N/2 + 1〉 = 1√
N
∑
n
e−ihnt|n〉 (41)
and
e−iHˆdτ |N/2,−N/2 + 2〉 ≈ 1
N
∑
nm
e−ihnte−ihmt|n,m〉(42)
Here, we introduce the short-hand notation |n〉 ≡
σˆ+n |N/2,−N/2〉 and |n,m〉 ≡ σˆ+n σˆ+m|N/2,−N/2〉 where
σˆ+n is the usual spin-raising operator which creates a spin
excitation at the nth lattice site. Again, we include the
spurious n = m contribution for simplicity of calculation.
These states serve as the position-space Fourier partner
of the spin-waves.
We can verify that the dephasing maps the states
from the maximally symmetric manifold J = N/2 to
that of minimal coherence for a given mJ by expanding
Eqs. (41)-(42) in terms of the spin-wave states. Defining
 =
∑
n e
−ihnτ/N to characterize the degree to which
the ensemble is dephased, we can show that for perfect
dephasing,  → 0, we can express the dephased states
[Eqs. (41)-(42)] as:
e−iHˆdτ |N/2,−N/2 + 1〉|=0 = 1
N
∑
n
q 6=0
e−ihnte−iqn|q〉1 (43)
and
e−iHˆdτ |N/2,−N/2 + 2〉|=0 ≈ 1
N2
∑
nm
q 6=0,q′ 6=0
e−i(hn+hm)te−iqn−iqm|q, q′〉2 (44)
As the spin-wave states |q〉1 and |q, q′〉2 occupy the J = N/2 − 1 and J = N/2 − 2 manifolds respectively, we
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thus have that the fully symmetric initial state is ideally
mapped to the manifold of minimal coherence for a given
mJ , with other contributions vanishing. We note that
our definition of the spin-wave state |q, q′〉2 implies there
will be minor corrections for the initial |N/2,−N/2 + 2〉
state, making this statement only approximately true.
Returning to the full protocol, we evaluate the subse-
quent evolution of the dephased states [Eqs. (41)-(42)]
under the XX Hamiltonian by again transforming to the
spin-wave states and using the results of Eqs. (39) and
(40):
e−iHˆte−iHˆdτ |N/2,−N/2 + 1〉 = e
−i(EJN/2−Ez−N/2+1)t/~
N
∑
n,q
e−ihnt/e−iqn
[
e−i∆1t − δ0,q
(
e−i∆1t − 1)] |q〉1
and
e−iHˆte−iHˆdτ |N/2,−N/2 + 2〉 ≈ e
−i(EJN/2−Ez−N/2+2)t/~
N2
∑
nm
qq′
e−ihnte−ihmte−iqne−iq
′m
[
e−i∆2t − δ0,q
(
e−i∆2t − e−i∆1t)(45)
−δ0,q′
(
e−i∆2t − e−i∆1t)− δ0,qδ0,q′ (2e−i∆1t − e−i∆2t − 1) ]|qq′〉2 (46)
where we introduce ∆n = (E
J
N/2−n−EJN/2)/~ for brevity.
At this point in the protocol, after only dephasing
and evolution under the XX Hamiltonian, one can use
Eqs. (45) and (46) in combination with the simple evo-
lution of the state |N/2,−N/2〉, to show that we ob-
tain a OAT frequency shift 〈Jˆ+〉 = 〈Jˆ+(τ)〉eiχNt with
〈Jˆ+(τ)〉 = (β∗α + 2γ∗β)√N∗ the coherence of the de-
phased state [i.e., using Eqs. (41)-(42)] and  defined as
previous. Consistent with the results of the prior mean-
field calculation, this result demonstrates that the coher-
ence still precesses at a rate ωOAT ≈ −2χ〈Jˆz〉 consistent
with the usual OAT result.
The final rephasing step is calculated by transforming
back to the position basis |n′〉 and |n′,m′〉. By appro-
priately collapsing the resulting summations using the
identity
∑
q e
iq(n−m) = Nδn,m and similar, we have the
final results for the evolution of the |N/2,−N/2 + 1〉 and
|N/2,−N/2 + 2〉 contributions:
eiHˆdτe−iHˆte−iHˆdτ |N/2,−N/2 + 1〉 = e−i(EJN/2−Ez−N/2+1)t/~ [e−i∆1t + ||2 (1− e−i∆1t)] |N/2,−N/2 + 1〉
+
∑
k 6=0
ck|k〉1 (47)
and
eiHˆdτe−iHˆte−iHˆdτ |N/2,−N/2 + 2〉 ≈ e−i(EJN/2−Ez−N/2+2)t/~ [e−i∆2t + 2||2 (e−i∆1t − e−i∆2t)
+||4 (1 + e−i∆2t − 2e−i∆1t)] |N/2,−N/2 + 2〉+ ∑
k 6=0
k′ 6=0
ck,k′ |kk′〉2 (48)
where we neglect the form of the coefficients ck and ck,k′
of the remaining spin-wave terms as they do not con-
tribute to the observable 〈Jˆ+〉.
In the case of complete dephasing ( = 0) of the
atomic ensemble the quantum dynamics thus have an
intuitive interpretation. The initial |N/2,−N/2 + 1〉
and |N/2,−N/2 + 2〉 states are coupled completely to
(and back from) the minimally coherent J = N/2 − 1
and J = N/2 − 2 manifolds respectively by the dephas-
ing/rephasing. Consequently, during evolution under Hˆ
they accrue a phase-difference proportional to the appro-
priate energy gap ∆1,2 induced by the Jˆ
2 contribution in
the Hamiltonian. This is precisely the physics illustrated
in Fig. 4c of the main text and described in the associated
caption.
Substituting ∆1 = −χN and ∆2 = −2χ(N − 1) it is
straightforward to show that for  = 0
〈Jˆ+〉 ' 〈Jˆ + (0)〉 (49)
where 〈Jˆ + (0)〉 = (β∗α+√2γ∗β)√N is the initial
atomic coherence of the prepared state near the south
pole. The slow rotation of 〈Jˆ+〉 with frequency −2χ
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is emphasized by contrasting to the usual OAT result
(as outlined in Sec. 2 of the SOM) which predicts a fre-
quency shift of magnitude 2χ〈Jˆz〉 ≈ χN near the south
pole. Such a slowing of phase accrual is consistent with
the mean-field picture, and is effectively a spectroscopic
probe of the many-body energy gap.
